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1. Introduction

It is known that the Cauchy problem for elliptic equations is incorrect: the solution to the problem is unique,
but unstable. The Cauchy problem for matrix factorizations of the Helmholtz equation, like many Cauchy
problems for finding regular solutions of elliptic equations, in the general case is unstable with respect to
uniformly small changes in the initial data. Thus, these tasks are incorrectly posed [1]. In unstable problems, the
image of the operator is not closed, therefore, the solvability condition cannot be written in terms of continuous
linear functionals. So, in the Cauchy problem for elliptic equations with data on a part of the boundary of a
domain, the solution is usually unique, the problem is solvable for an everywhere dense data set, but this set is
not closed. Consequently, the theory of solvability of such problems is much more difficult and deeper than the
theory of solvability of the Fredholm equations. The first results in this direction appeared only in the mid-1980s
in the works of L.A. Aizenberg [2], A.M. Kytmanov and N.N. Tarkhanov [3]. In work [3], an integral formula was
proved for systems of equations of elliptic type of the first order with constant coefficients in a bounded domain.
For special domains, the problem of continuing limited analytic functions in the case when data is specified only
on a part of the boundary was considered by T. Karleman [4]. The research of T. Karleman was continued by G.M.
Goluzin and V.I. Krylov. The use of the classical Green formula for constructing a regularized solution of the
Cauchy problem for the Laplace equation was proposed by academician M.M. Lavrent’ev in his famous
monograph [5]. Using the ideas of M. M. Lavrent'ev [5,6], Sh. Yarmukhamedov constructed in explicit form a
regularized solution of the Cauchy problem for the Laplace equation (see for instance [7]) The construction of
the Carleman matrix for elliptic systems was carried out by Sh. Yarmukhamedov, N.N. Tarkhanov, A.A.
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Shlapunov, LE. Niyozov and others. In papers [8-20], the questions of exact and approximate solutions of the ill-
posed Cauchy problem for various factorizations of the Helmholtz equations are studied. Such problems arise in
mathematical physics and in various fields of natural science (for example, in electro-geological exploration, in
cardiology, in electrodynamics, etc.)

2. Solution of the Cauchy problem on the plane

Let R’ be a two-dimensional real Euclidean space, x = (x,%,) e R?, y=(y,,Y,) € R%.

G e R%is a bounded simply connected domain with a piecewise smooth boundary consisting of the plane
T:y, =0 and some smooth curve S lying in the half-space y, >0,i.e. 6G=SUT .
We introduce the following notation:

r=ly-x, a=ly-x, w=ivu?+a® +y,, u>0, 9, :(axl,GXZ)T, o,=¢&",
£ = (51 & )T — -transposed vektor &, U(x) = U,(x),...U, (X)), v’ =(%...1) eR",

z,..0
n=2", m=2, E(2)=|..... - diagonal matrix, z=(z,...,z,) e R"

Let D(¢"), (nxn) - be a matrix with elements consisting of a set of linear functions with constant coefficients

of the complex plane for which the condition is satisfied:

D'(£")D(E™) = E((l¢]" +2*)u°) 1)

2
where D"(£") - Hermitian conjugate matrix to D(&T), |§|2 =&, A— real number.
-1

Consider in the domain G a system of partial differential equations of the first order with constant
coefficients of the form

D(3,)U(x) =0, 2)

where D(9,) is the matrix of differential operators of the first order.
We denote by A(G) the class of vector functions in the domain G continuous on G=GUdG and satisfying
system (2).

The Cauchy problem 1. Suppose U(y) € A(G) and
u(y), = f(y). yes. (3)

Here, f(y) agiven continuous vector-functionon S.
Itis required to restore the vector function U(y) in the domain G, based on it’s values f(y) on S.

Example 1. Let given a system of first-order partial differential equations of the form (see, for instance [20])
o,U; -0, U, +iU, =0,
o, U, +0,U, +iU, =0,
-0,U;+0,U,—iU, =0,
o,Us+0,U, +iU, =0.

Assuming 0, — &, 0, —¢&,, we compose the following matrices:

& & 0 =% 0 -

n_| "% & -i 0 *ETY _ & & -1 0
YT 0 e e P 0 e
054 -0 5 g
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Relationship (1) is easily verified.
If G isabounded and U(y) € A(G), then the following integral formula of Cauchy type is true

Ux) = JM(y,x)U(y)dsy, xeG, (4)
oG

M (y,X) = [E(—% Hél)(ﬂr)uojD*(%BD(tT ).

Here t = (t;,t,) is the unit external normal, drawn at a point Y, the curve oG, — % Hél) (4r) is the fundamental

where

solution of the Helmholtz equation in R?.
We denote by K(w) is an entire function taking real values for real w, (w=u+iv, u,v—real numbers) and

satisfying the following conditions:

K(u) =0, sup

v>1

VPK(p)(W)‘:M(u’p)<oo, —o0 < U< o0, p:O,l,Z. (5)

We define the function ®(y,x) at y# X by the following equality:

T [
D(y,x) = — L Jlm K(w) ulo(Au) du. (6)
22K (x2) 9 W=X, JuZ+a?
Here 1,(Au) = J,(iAu) is the Bessel function of the first kind of zero order
Formula (4) is true if instead — % Hél) (Ar) of substituting the function
i
®(y,X) = = Hg (A0 + 9 (y. ), (7)

where g(y,x) is the regular solution of the Helmholtz equation with respect to the variable y, including the
point y =X.
Then the integral formula (4) has the following form

U(x) = J.N(y,x)U(y)dsy, xeG, (8)
oG
where

N(y.x) = [E(@(y,x)m)o*(ij]o(ﬂ )
oy
Next, we use the following equalities:

27K (%,) o0(y.x) _ (y1—x)Re K(WO)_Sign?zll_Xl)(yz — %) Im K (w,)
1

= u? +a? Re K(W) — (Y, — X,) Im K(w) 1;(Au)du
—(Y1_X1)/1J‘ u? +r? \/u2+a2
0

» YFEX,

(9)

Wo = ilyy = Xg| + Y2, 1:(AU) = 15 (),
and
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22K (%) od(y.x) _ (Y2 —X)Re K(Wo);(yl—xl) Im K(w,)

2 r
(10)
R o f2 2
_’1_[ (y, —%,)Re K(W)2 ;J +a° Im K(w) 1, (Au)du, v, # X,
us+r
0
which are obtained from (6).
By choosing the entire function K(w) we obtain the following results:
In the formula (6) choosing
K(w) = exp(ow), K(x,) = exp(ax,), o >0, (11)

we get
exp(ow) uly(Au) du
WX, J2ra? (12)

o2 A+0g oy >0.

g o X s
D (y,x) = —2—.[|m
T %

Then the integral formula (8) has the following form:

U0 = [N, (y0U(y)ds,, xeG, (13)
oG
where

N (y,X) = (E(d)a(y,x)uo)D*(%DD(tT).

Theorem 1. Let U(y) € A(G) it satisfy the inequality

U(y)|<1,yeT. (14)
If
Uo (0= [N, (40U ()ds,, x<G, (15)
S
then the following estimate is true
U((x)-U,(x)|<C(1x)oe ", 5>1,xeG. (16)

Here and below functions bounded on compact subsets of the domain G, we denote by C(4,X).
Proof. Using the integral formula (13) and the equality (15), we obtain

b
U(x)= UU(X)+I N, (y.x)U (y)ds,, X € G.
a
Taking into account the inequality (14), we estimate the following

U (x)-U,(x)] < <

[N r0u s,
J

(17)
[ING (0 (s, < [IN, (.05, xeG.
T T

b b
We estimate the integrals '“CDJ(y, X)|dy1,j
a

a

D
0 _J(y,x) dsy on the part T of the plane

b
oy,

y, =0.
Let o > 0. Separating the imaginary part of equality (12), we obtain
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o0
g (V2% J‘ cosavu? + a?

D_(y,X) = ulg(Au)du —
o‘(y ) o0 U2 + r2 O( )
(18)
0 cin a2 o 2
B yzsmc;— u 2+a uly(Au) du, y % % %, > 0.
o us+r u? +a?
Given (18) and the inequality
15 (Au) < exp(Au), (19)
we have
b
j @, (y,%)|ds, <C(2,x)0e %, o>1, xeG. (20)
a
8o, (y,%) %od_(y,%)
To estimate the integrals J."—y’dsy and J-"—y’ ds, , we use equalities (9) and (10). To do this,
a 1 a 2
using equalities (11) and choosing
K(wp) =exp(ow), o >0, (21)

we obtain the following formulas

2 e 0D, (y,X) _ (y1—X)Re exp(owy) +sign(y; — %) (Y2 — X) Im exp(owg)

1 r’
(22)
© [2, 2 oy
-(1— Xl)ﬁ.[ u‘+a“ Re exp(om;) (3/2 Xp) Im exp(ow) Il(z/lu)dtzj CyEX
0 us+r \/U +a
and
2 ™2 0D, (y,X) _ (Yo —Xp) Re exp(owy) + (y1 — %) Im exp(owp)
a7 r?
N (23)
T (Y, — %) Re exp(ow) — Vu? + a2 Im exp(ow
_lj (yZ 2) p( )2 > p( ) |1(/1U)du, yl = Xl'
0 u"+r
Given equality (22) and inequality
I, (Au) < Auexp(Au), (24)
we get
%od_(y,%)
ja—y'dsy <C(A,X)0e %, o>1,xeG. (25)
" 1
Similarly, taking into account equality (2.16) and inequality (24), we estimate the following integral
%60, (y,%)
j‘f—y'olsy <C(AX)oe ", o>1,xeG. (26)
2

a

From inequalities (20), (25) and (26) we obtain (16).
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Theorem 1 is proved.
Corollary 1. The limiting equality

limU, () =U(x)

holds uniformly on each compact set in the domain G.

Theorem 2. Let U(y) € A(G) satisfy condition (14) on a part of the plane y, =0, and on a smooth curve S the

inequality
U(y)|<s, 0<65<1,
where Y, = maxV;.
yeS

Then the following estimate holds
X2

U <C(AX)08%, o >1,x<G.
Proof. From (13) and equality (15) as X € G, we have
U(x) = [N, (y,9U (y)ds, +i N, (y,x)U (y)ds,.
We estimate the following S :
U (x)| <

+ ,XeG.

[N U )as,
S

b
[N U as,

Given inequality (27), we estimate the first term in inequality (30).

<IN, (v U (), <
S

[N (yo0u (y)ds,
S

< 5J|Ng(y,x)|dsy, xeG.
S

oD _(y,x)

1

oD _(y,x)

2

We estimate the integrals J.|CDG(y,X)| ds, , I

S S

ds, and I

y
S

Taking into account equality (18) and inequality (19), we have

@ (y,x)|ds, <C(4,X)ce’" ™ 5>1 xeG.
[, (v.0)|ds, <C(4,%)

S

Using equality (2.15) and inequality (2.17), we have

04 <c(1, )06, 051, x 6.

S 1

Similarly, using equality (23) and inequality (24), we obtain

.04 < (1,07, 651, x<G.

S 2

From (32) - (34) we obtain

[N v0u (s,
S
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dsy on a smooth curve S.

<C(A,x)ose’V2%) 5>1 xeG.

(27)

(28)

(29)

(30)

(31

(32)

(33)

(34)

(35)
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The following is known

<C(A,x)oe ", 0>1,xeG. (36)

b
[N 0u)as,

Now, taking into account (35) - (36), we have

u (x)|s%(5e"y2 +1)e7 7%, 0>1, xeG. (37)
Choosing o from the equality
o= _i Ini, (38)
Y 6

we obtain inequality (28).

Theorem 2 is proved.
Let U(y) € A(G) and instead U(y) on S with its approximation fs(y), respectively, with an error, 0< ¢ <1,

max U(y)-fs(y)<s.
We set
Uy = [No(yX) T5()dsy, x<G. (39)
S

The following is true.
Theorem 3. Let U(y) € A(G) on the part of the plane y, =0 satisfy condition (9).

Then the following estimate holds.

X2

U0 -U 5 (0| <C(AX)06 %2, 0 > 1, x <G (40)

Proof. From the integral formulas (13) and equality (39), we have
b
U(0-U,a) () = [No (ya0{U )= T 0)lds, + [Ny (y0U (1),
S a

Now, repeating the proofs of Theorems 1 and 2, we obtain

(5e7Y2 +1)e 7%,

|U (x) _Ua(ﬁ)(x)| < %

Hence, choosing o from equality (38), we obtain (40).
Theorem 3 is proved.

Corollary 2 The limiting equality
limU,, (5, () = U ()

holds uniformly on each compact set in the domain G.
Thus, the functional U s (X) is a regularization of the solution of the problem (2) - (3).

3. Solution of the Cauchy problem in space

Let R® be the three-dimensional real Euclidean space,

X= (X% %) €R®, Y = (Y1 Y,,Y5) €R®, X = (%,%,) € R%, Y = (y,,Y,) e R%.
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G cR? be a bounded simply-connected domain with piecewise smooth boundary consisting of the plane T :
y, =0 and of a smooth surface S lying in the half-space y, >0, thatis, 6G=SUT.

We introduce the following notation:
r=ly-x, a=|y'-x|, w=ivu’ +a’ +y;,u>0, 8,=(a,.0,.0, )T , 0, &,
& =(& & &) - transposed vector &, U(x) = (U,(X),...U, ()", w° = (1,...1) eR",

z..0
n=2",m=3, E(z)=|...... — diagonal matrix, z =(z,,..,2,) e R".

Let D(x") the (nxn)-—the matrix with elements consisting of a set of linear functions with constant
coefficients of the complex plane for which the following condition is satisfied:

D*(£")D(ET) = E(([ +47)u”), (41)
where D’(x") is the Hermitian conjugate matrix D(x"), |&|* = igf, A—real number
Consider in the region G a system of differential equations iri partial derivatives of the first order
D(0,)U(x) =0, (42)

where D(9,) is the matrix of differential operators of the first order.
We denote by A(G) the class of vector functions in the domain G continuous on G =GU6G and satisfying
system (42).

The Cauchy problem 2. Suppose U(y) € A(G) and

U@y, = f(y). yes. (43)

Here, f(y) agiven continuous vector-functionon S .
Itis required to restore the vector function U(y) in the domain G, based on it’s values f(y) on S.

Example 2. Let a system of first-order partial differential equations of the form

0,U;+0,U,+0,Us +iU; =0,
0,U,+0,U;+0,Us+iU, =0,
0,U,-0,U;+0,Ug+iU =0,
-0,U;+0,U,+0,U; +iU; =0,

o0, U, +0,Us+0, Uy +iU, =0,
o,U,-0,Ug+0,U, +iU,; =0,
o,U,-0,Us+0,U; +iU, =0,
0, Uz +0,Us+0,Ug +iU, =0.

Assuming 0, — &, 0, — ¢, and 0, — &, we obtain the matrices

¢ 0 0 & 0 & 0 i ¢ 0 0 -5 0 & 0 4

0 ":1 é:z 0 53 0 [ 0 0 51 é:z 0 53 U 0

0 52 _él 0 0 [ 0 4:3 0 52 _51 0 0 -i 0 ‘:%3

n | 0 0 & i 04 0] .15 0 0 & 4 0 & 0

e R I e I R R N S
53 0 i 0 0 _51 52 0 53 0 —i 0 0 _/:1 _52

0 [ 0 53 0 _éz 51 0 0 i 0 53 0 52 4:1 0

i 0 ‘):3 0 éz 0 0 51 —i 0 683 0 52 0 0 51
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Relation (41) is easily verified.
If G isabounded and U(y) € A(G), then the following integral formula of Cauchy type is true

U(x) = IM(y,x)U(y)dsy, xeG, (44)
oG

- e o)+ 0 T
M(y,x)—[E[—Eu JD (EJ]D(t ).
ir

. . . . e .
Here t = (t;,t,,t;) is the unit exterior normal, drawn at a point Yy, the surface oG, —4— is the fundamental
it

where

solution of the Helmholtz equation in R®.
We denote by K(w) is an entire function taking real values for real w (w=u+iv; u,v—real numbers) and

satisfying the following conditions:

K(u) =0, sup

v>1

VPK(P)(W)‘:M(u,p)<ool —o<u<ow, p=0,1,23. (45)

We define a function ®(y,x) when Yy # X by the following equality:

D(yX) =~ fim K(w) costu (46)
27°K (%) g W—Xg Ju? 4 o2
iar
Formula (44) is true if instead of — - we substitute the function
ar
ei/1r
D(y,x) = ———+9(y.x), (47)
4ar

where g_(y,X) is the regular solution of the Helmholtz equation with respect to the variable Y, including the
point y = X.
Then the integral formula (44) has the following form

U0 = [NOU sy, xeG, (48)
oG
where

N(y.x) = (E(q)(y,x)uo)D*(%DD(tT ).
In the formula (1.40), choosing

K(w) = exp(ow), K(X3) = exp(ox3), o >0,

we get
o= [t
Then the integral formula (48) has the form:
U0 = [N, (10U (y)ds,, x€G, (50)

G
where

N (y,X) = (E((I)U(y,x)uo)D*(%DD(tT).

184



Engineering Applications, 2023, 2(2), 176-189

Theorem 4. Let U(y) € A(G) it satisfy the inequality

U(y)<1,yeT. (51)
If
Uo (0= [N, (y0U (y)ds,, x<G, (52)
S
then the following estimate is true
U(x)-U,(x)|<C(x)oe ™, o>1, xeG. (53)

Here and below functions bounded on compact subsets of the domain G, we denote by C(x).

Proof. Using the integral formula (50) and the equality (52), we obtain

U(0=U, 00+ [N, (y0U(y)ds,, x€G.
T
Taking into account the inequality (51), we estimate the following

U (x)-U,(x)| < <

[ No(y0u (s,
)

(54)
< .[|N6(y,x)||U (y)lds, < I|N6(y,x)|dsy, X eG.
T T

oD (y,x) oD, (y:%)

ds, onthepart T of
Y3

To do this, we estimate the integrals j|®a(y,x)|dsy, J
T T

dsy, j=1,2 and J.
T

the plane y; =0.
Separating the imaginary part of (49), we obtain

o(ys—xs) | R Ju?2 2
o (yx) = | [T cos Audu -
27 0 us+r
(55)
_]g(y3 —X3)sinevu? +a?  cosAu aul x>0
. u+r? JZ+a? | 3~
Taking into account equality (55), we have
I|®J(y,x)|dsy <C(X)oe™ ™, 6>1,XxeG. (56)
:
To estimate the second integral, we use the equality
O] D D .
0o (1) L 000000 35y 10PN [y, 57)
oy 0s oY 0s

where

oD, (y.x) _ g7 ]- —osinayu? +a?
0s 278 |5l 20 + )P + &

(58)

2 2 E 2 2
cosou? +a (Y, —X;)cosou? +a
—UJcosiudu+I{ (% — %) -
0

(u®+r?)? 2 +r?)(u’ +a?)

_(Ys—x)sinoVul +a® (v -x)sinoVu’ +a?

2+’ v’ +o? 2% +r¥)(u? + %)Y

]coslu du}, s=a’.
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Taking into account (57) - (58), we obtain

M

T
Similarly we obtain

¥,

oD,
&, (¥:%)

dsy , we use the equality

To estimate the integral I
T

@, (y,x) _ e F[GCOSU\IUZ +a’
0

oy, 27? u?+r?

J a(I)O'(y’X) dSy < C(X)O‘Bia&, o >l, X eG.

J. a(DU(y’X) dSy < C(X)O-e_m(?», o >l, xeG.
T

2(y, — X;)cosou’ +a? 2 oY, —X,)sinou® +a’
- cosﬂudu—_[ -
(U +rH)Ju? + o

2 2\2
(U +r9) :

. 3 7 _ 2 - 2 2
sinou? +a? 2(Ys = %) sinou” +a }cos/ludU}

(U +r)Ju? +a? (U +r?)’Ju® +a?

Taking into account the equality (61), we obtain

J

T

0D, (y, %)

From the inequalities (56), (59), (60), and (62), we obtain (53).
Theorem 4 is proved.

Corollary 3. The limiting equality
limU_(x)=U(x)

holds uniformly on each compact set in the domain G.

Theorem 5. Let U(y) € A(G) it satisfy condition (51), and on a smooth surface S the inequality

U(y)<s, 0<65<1,
where Y3 = maxYs.
yeS
Then the following estimate is true
X3

U (x)| < C(x)o-5773, oc>1,xeG.
Proof. Using the integral formula (50), we have
U0 = [N (20U (y)ds, + [ N, (U (y)dsy,
s T
We estimate the following

U (x)] < +

[N (y0u (yes,
S

[N (y0u (e,
)

186

ds, <C(x)oe ™, 0>1,x€G,

xeG.

,XeG.

(59)

(60)

(61)

(62)

(63)

(64)

(65)



Engineering Applications, 2023, 2(2), 176-189

Taking inequality (57) into account, we estimate the first integral in (65).

J.Ng(y,x)U(y)dsy gJ.|No,(y,x)||U(y)|dsy £6J.|Nc(y,x)|dsy, xeG. (66)
s s s
To do this, we estimate the integrals j|®g(y,x)|d5y, I %w dSy, j=1,2 and IM dsy on a smooth
S S j S 3
surface S.
Taking into account the equality (55), we have
j @, (y,x)|ds, <C(x)oe’" ™), 5 >1,xeG. (67)
S

To estimate the second integral, we use equalities (3.10) and (3.11).

o, (y.X) ds, <C(x)oe”™ ™, o >1,xeG. (68)

S 1
Similarly, using equalities (57) and (58) we obtain

oD (y,X)

2

ds, <C(x)oe”™" ™, o>1,xeG. (69)

S

Taking into account the equality (3.14), we obtain

I GCDG—(y,x) ds, < C(x)oe’™™) &>1, xeG. (70)
From (67) - (70), we obtain S 3
J' N, (y,0U (¥)ds, | < C(x)o5e”% ™), 5> 1, x € G. (71)
The following is known S
ING(y,x)U(y)dsy <C(x)oe ™, o>1, xeG. (72)
T

Now taking into account (71) - (72), we have

|U (x)|s%(5e"yg +1)e™ ™, 0>1,xeG. (73)
Choosing o from the equality
o=tk (74)
Y 6

we obtain the inequality (64).

Theorem 5 is proved.
Let U(y) € A(G) and instead U(y) on S with its approximation fs(y), respectively, with an error, 0< ¢ <1,

max U (y) — f5(¥)| <.
We put
Uty = [No () £5 (), X G. (75)
S

The following is true
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Theorem 6. Let U(y) € A(G) on the part of the plane y; =0 satisfy condition (51).

Then the following estimate is true
X

X3
|u () —uc,(g)(x)| <C(X)o8%,5>1, xeG.

Proof. From the integral formulas (.3) and (75), we have

U(X) =U g5 (X) =
= [No (y0lU ) = £5)dsy + [N (y0U (y)ds,.
S S

Now, repeating the proof of Theorems 4 and 5, we obtain

C(X)o

> (s +1)e™7.

U0 ~Uos ()] <

Hence, choosing o from (74), we obtain (76).
Theorem 6 is proved.

Corollary 4. The limiting equality
Limuo'(d) (X) = U (X)

holds uniformly on each compact set in the domain G.

Thus, the functional U5 (X) is a regularization of the solution of the problem (42) - (43).

4. Conclusion

(76)

In this work, on the basis of the Carleman matrix, explicitly constructed regularized solutions for matrix
factorizations of the Helmholtz equation in two-dimensional and three-dimensional bounded domains. The
resulting formula is an analogue of the classical formula of Riemann, Voltaire and Hadamard, which they
constructed to solve the Cauchy problem in the theory of hyperbolic equations. An estimate of the stability of the
solution of the Cauchy problem in the classical sense for matrix factorizations of the Helmholtz equation was
presented. This problem can be considered when, instead of the exact data of the Cauchy problem we have their
approximations with a given deviation in the uniform metric and under the assumption that the solution of the
Cauchy problem is bounded on part T, of the boundary of the domain G. The regularized method defines a

stable method for an approximate solution.
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